Demanding O(d, d)-duality covariance, Hohm and Zwiebach have written down the action for the most general cosmology involving the metric, b-field and dilaton, to all orders in α in the string frame. Remarkably, for an FRW metric-dilaton ansatz the equations of motion turn out to be quite simple, except for the presence of an unknown function of a single variable. If this unknown function satisfies some simple properties, it allows de Sitter solutions in the string frame. In this note, we write down the Einstein frame analogues of these equations, and make some observations that make the system tractable. Perhaps surprisingly, we find that a necessary condition for de Sitter solutions to exist is that the unknown function must satisfy a certain second order non-linear ODE. The solutions of the ODE do not have a simple power series expansion compatible with the leading supergravity expectation. We discuss possible interpretations of this fact. After emphasizing that all (potential) string and Einstein frame de Sitter solutions have a running dilaton, we write down the most general cosmologies with a constant dilaton in string/Einstein frame: these have power law scale factors.
Introduction
Even though known constructions of de Sitter vacua in string theory [1, 2] rely on finite quantum corrections 1 , there is no known No-Go Theorem that definitively dictates that tree level string theory cannot have de Sitter vacua [11] .
For various subcategories of tree level constructions however, there do exist claims of varying confidence, that forbid de Sitter vacua. The de Sitter swampland conjectures 2 , when interpreted as statements about tree level string theory with singular sources, are candidates for such No-Go theorems. Some of these bounds could very well be universal statements potentially provable in reliable tree level set ups 3 . But at the moment all these bounds are conjectural, and do not qualify as No-Go theorems. The evidence for them mostly comes from supergravity with singular sources.
In the absence of a watertight No-Go theorem, one might seek hints for the (non-)existence of tree level de Sitter vacua from a different angle. One such angle is the systematic inclusion of α -corrections to the low energy effective action of string theory 4 . This gives a somewhat complementary approach, because it goes beyond supergravity by incorporating higher derivative corrections. If one can determine the α -corrections, then one has a new context for discussing the existence of de Sitter vacua. However, explicit calculation of these corrections has turned out to be difficult beyond low orders. Since truncating a theory at a finite number of orders often leads to unphysical features, it is difficult to make a reliable statement about the (non-)existence of de Sitter without taking all α -corrections into account [20, 21] 5 .
A way out is to drop the goal of direct calculation of the α corrections in string theory, and instead elevate T-duality covariance as a principle and determine corrections to O(d, d)-duality covariant field theory [22, 23] . String theory effective actions will then be points in the theory space of such duality covariant theories. Even this turns out to be too much to ask however: complete all order corrections in generic situations is not known. But Hohm and Zwiebach have recently shown [20, 21] that in cosmological settings such corrections can be determined to all orders in α for the metric, b-field and dilaton. This is the context of 1 And are also controversial [3, 4, 5, 6, 7] . See [8, 9, 10] for some alternative approaches to dS-like physics in string inspired set ups.
2 See [12] for the initial proposal, [13, 14] for the potentially viable version, and [15, 16] for further refinements.
3 By reliable, we mean that there are no unfixed moduli at positive vacuum energy, and therefore quantum corrections can be consistently ignored. See [17] for an example that violates the dS swampland bounds by violating this condition. Ideally, for a reliable solution, one would also like parametric control. 4 For efforts to explicitly construct de Sitter in string theory using α -effects and/or higher derivative corrections, see eg. [18, 19] . 5 This means that if a de Sitter exists, it will have to be non-perturbative [20, 21] in α .
the present paper.
One conclusion of [20, 21] is that when one restricts attention further to an FRW ansatz, it turns out that the system drastically simplifies: it becomes a system of ODEs for two fields 6 , controlled by one unknown function of one variable, see (2.12) . In fact, it becomes possible to argue that if the unknown function has some simple properties, the FRW ansatz admits a de Sitter solution. This is interesting, in light of the fact that tree level constructions in string theory, by which one usually means 7 supergravity with singular sources, have so far failed to construct a stable de Sitter vacuum. Perhaps the message is that one should include α corrections systematically, if one wants to find a de Sitter vacuum?
There are at least three causes for pause however. First one is that the solutions found in [20, 21] have a non-constant dilaton. A constant O(d, d)-dilaton, as found in [20, 21] , together with a time-dependent scale factor necessarily implies a time-dependent physical dilaton 8 . To emphasize this, we will write down the most general solution with a constant dilaton in a later section, and it turns out that they are at best power law cosmologies.
The second is that it is unclear whether the solutions in [20, 21] are stable. As known for some time (see eg. [24] ), tachyonic de Sitter solutions are reasonably straightforward to come by: it is stable de Sitter vacua, that are hard to obtain [13, 14] . However, the question of stability of the solutions in [20, 21] is an issue that is probably difficult to make progress in, without knowledge of explicit forms for the unknown function in (2.12). So we will not undertake it here 9 .
The third issue is that the dS solutions found in [20, 21] are string frame solutions. This is the launching point for the present paper: we will primarily be concerned with the Einstein frame, largely because the fields in the string frame do not have canonical kinetic terms 10 . Our goal will be to investigate the possibility of de Sitter solutions. We will use some tricks to make the system tractable, and find that perhaps surprisingly, a necessary condition for the existence of de Sitter solutions is that the unknown function satisfy a certain non-linear ordinary differential equation. We will find that this ODE does not have a simple power series solution that matches the leading supergravity expectation, so we make 6 Loosely, the scale factor and the dilaton. 7 Somewhat imprecisely! 8 One curious fact is that the time-dependence leads to a linear dilaton. It will be interesting to see if this
can be put to some use. 9 But perhaps the fact that we are able to make statements about de Sitter in Einstein frame is also somewhat surprising in hindsight. So it is conceivable that we can make progress on the stability question as well. 10 Some authors seem more relaxed about the choice of frame (see discussions in eg. [25] ), but we have an interest in loose qualitative comparisons with conventional tree level string constructions which are in the Einstein frame, so we will stick to this. But note that in constant dilaton solutions, the difference in frame choice is mostly cosmetic.
some comments about whether it is possible for the system to have de Sitter solutions.
Despite the somewhat defeatist nature of the results we find in this paper, we feel that the approach of [20, 21] is an intriguing one. We will say more about this, in a concluding section. Indeed, it would be very interesting to incorporate more fields and investigate the all order equations, to address the possibility of a stable de Sitter vacuum in the Einstein frame with at least a quasi-constant dilaton. One thing we find worthy of note in our results is the very striking differences between the structure of dS solutions in the string frame and the Einstein frame. We were not expecting to find that we could extract a stringent condition (a 2nd order ODE) on the unknown function by demanding the existence of a de Sitter solution. In other words, we find a local (in parameter space) condition on the function. Note that the conditions on the function in the string frame were global statements in parameter space about the existence of certain zeros.
Double Field Theory, O(d, d) Duality, String Frame Cosmology
We will start with a quick review of some of the results in [20, 21] to set up notation. Any self-containedness of the presentation should be viewed as incidental.
The idea is to write down the most general corrections to the equations of motion by demanding that they respect O(d, d, R) duality symmetry. The starting point is the D = d+1 dimensional two-derivative string frame action of closed string theory for the massless NSNS fields
where
Computing α -correction for general backgrounds is too difficult at present, even after demanding duality invariance. But if one restricts to cosmological backgrounds (ie., the only dependence is on time t), it turns out that we can determine the all-order corrections [20, 21] . To explain this we set
and demand all spatial derivatives be zero.
For the metric, b-field, and dilaton we set:
Reducing the two-derivative terms in (2.1) to one dimension one obtains [26] :
Here the generalized metric S is a 2d × 2d matrix
, R) valued and satisfies S 2 = 1. The new dilaton Φ is fixed by 
In [20, 21] the most general α -corrections to I 0 above were written down building on the work of [26, 27] . The most general form can be found in eqn. (1.3) of [20] , and we will not reproduce it here. The general form contains undetermined coefficients, which we will collectively denote by c k here, and c 1 is fixed by the leading supergravity result that we have written down above. The c k beyond c 1 (as well as the higher trace coefficients) are not fixed by duality invariance. For any given string theory, these coefficients can in principle be determined and this determines the complete α corrected dynamics of the cosmological background in that string theory. There are three ODEs that arise as the equations of motion for Φ, S and n from this action. Since there are infinite number of coefficients which we do not know the form of, this is still quite a non-trivial challenge to make progress in. But further simplifications happen when we restrict ourselves further to an FRW ansatz, which is sufficient to discuss de Sitter.
To see this, we specialize to an FRW ansatz,
where dx 2 is the flat Euclidean spatial piece and a(t) is the scale factor. With the b-field set to zero, the generalized metric becomes
It turns out that the generalized Friedmann equations that follow from the all order corrected action above can now be written as 11 [20, 21] Φ + 1 2 Hf (H) = 0 , (2.9)
with H(t) the Hubble "constant" H(t) =˙a
, and f and g can be defined via a single (even!) function F (H) where
In extracting the leading order expression, we have used
. This implies that
14)
and also that they satisfy
Using the fact that g(0) = 0, we can rewrite this also as
One observation made in [20, 21] was that these equations admit de Sitter solutions if f and g have a common zero at a non-zero value of H = H 0 . It is easy to convince oneself that this is indeed possible to arrange, with appropriate choices of F , and an explicit example was given in [20, 21] . Quite generally, it can be seen that any even function F (H) that behaves as ∼ −H 2 for H → 0, and also has non-vanishing arguments where F and F simultaneously vanish will lead to de Sitter solutions. It is also worth noting that the O(d, d)-dilaton Φ is constant in these solutions 13 .
11 The first of these equations can be viewed as a Bianchi identity and is therefore redundant, so in what follows we will only work with the last two equations. 12 Note that g is very closely related to the Legendre transform of F , except that if g were a "true" Legendre transform it would be viewed as a function of F and not H. 13 But note that this implies that the dilaton φ itself is in fact, time dependent. We think this is worth a note.
Of course, whether such an O(d, d)-field theory function F exists in any specific string theory is a question that was not addressed in [20, 21] . We will also not worry about this issue: We will take a more "bottom-up" approach and try to see what functions F can possibly admit de Sitter solutions.
Hohm-Zwiebach-FRW Equations in the Einstein Frame
As stated earlier, our first goal in this paper is to write down the Einstein frame analogues of (2.9). we want to get to Einstein frame metrics that are of the FRW form
by starting with the string frame metric ds
where a(t) is the string frame scale factor we discussed in the last section, a E is the Einstein frame scale factor, and we have noted that the time coordinates allow a possible reparametrization by calling the Einstein frame time T instead of t. Using the relation between string frame and Einstein frame g 
Using these we can also write the O(d, d)-dilaton in a few useful forms:
There are a few choices for the two variables that one can use to write down the equations of motion in the Einstein frame: one of the two is naturally a E (T ), but should the other variable be Φ or φ, or something else altogether? Together with the understanding that any function f (t) in the string frame defines an f (T ) via f (t(T )) in the Einstein frame, they all contain the same information. We will find it convenient to choose the two variables to be a E (T ) and a(T ), the latter is the scale factor in the string frame but written in terms of T . This leads to the two equations
where k is an arbitrary integration constant. Because of the presence of the arbitrary function F that controls f and g, it is not immediately clear how we can proceed from here.
It is clear however from the equations that the case d = 1 is going to be different, so let us tackle that first. The second equation then simplifies qualitatively, and implies that the unknown function F (x) is determined via g(x) = −x 2 . Note that this expression is precisely the (α ) 0 expression for g coming from supergravity (2.15) when d = 1. If we demand that the Einstein frame metric takes the de Sitter form, with H E constant, one can explicitly solve for a using the first equation and one finds ln a(T )/a(0) ∼ (1 − e −H E T ). Note however that the dilaton is degenerate in d = 1 dimension, so we will not pursue this case further.
However, the structure of the d = 1 case suggests a potential way to proceed: we should find a way to constrain the function F (x) (or equivalently, f (x) and g(x)). It is perhaps not immediately clear how this can be accomplished, but a useful first step 14 is to write the second equation of motion in the form
and then use the first equation of motion to re-write the right hand side. Note that we have introduced the notation
, but we are not (yet) demanding that H E be constant. After some simple manipulations we get
This is a key relation, and if we demand that the system admit an Einstein frame de Sitter solution for a E (T ), it lets us (in principle) solve the system completely! This happens via a determination of the form of F (H) through a second order non-linear ODE for F (H). We do not have a deep understanding of why this has become possible, but it is easy enough to demonstrate, as we do below.
Note that an Einstein frame de Sitter solution has a E (T ) = a E (0)e H E T , with H E constant.
Therefore we can write the above relation as
A key point is that the right hand side only depends on T implicitly through x, whereas the left hand side is an explicit (and known) function of T which has the property that
14 To motivate some of the tricks below, it is helpful to introduce the inverse function of f . But it is crucial that we are able to make the argument without relying on the inverse function to avoid getting caught up in well-definedness and uniqueness issues.
Therefore by taking a time derivative of (3.8) and using the equality between the first and last expressions in
to write
f (x) (3.12) and using (3.8) again to write α(T ) in terms of functions of x, we get a differential equation purely in x. In (3.11), the first equality is a version of the second EOM, and the second equality is a consequence of the first EOM.
The final ODE is most conveniently written as
Together with the definitions (2.13) of f and g in terms of F , this leads to a second order non-linear ODE for F . Because it is an ODE, it is trivial for Mathematica to numerically integrate it for various choices of F and F from some x = x 0 . However, to qualify as an acceptable solution, it must match in an appropriate sense with the leading supergravity results in (2.12). Note that given such an acceptable F , the entire problem is essentially solved, because all the equations are ODEs that are straightforwardly integrated numerically.
What is an Acceptable F ?
The solutions for F should match with the leading supergravity expectation in (2.12), but what is an appropriate way to interpret this statement? The all-order α results of [20, 21] are perturbative results, which means that they cannot really be interpreted as power series expansions with a finite radius of convergence. They should be viewed as asymptotic expansions in the worldsheet sigma model. This means that we expect the k-th coefficient to grow factorially in k. Furthermore, if we do demand that F has a simple power series expansion
around H = 0, then it can be immediately demonstrated by directly plugging into the ODE that a solution with the correct structure near H = 0, namely
does not exist.
The fact that a simple power series expansion with a finite radius of convergence around H = 0 will necessarily not represent F , is a fundamental consequence of our starting point in a perturbative (worldsheet) field theory 16 . For example, this shows that the example function (a sinusoid) that was suggested in [20, 21] as a candidate for constructing de Sitter solutions in string frame, can certainly not be fully realistic. However, the only fact one needs for the existence of a string frame de Sitter in [20, 21] is that both F and F vanish at some finite value of the argument.
These discussions mean that the mismatch between the supergravity expectation and the simple power series expansion is not quite an indication that F cannot exist, since F cannot anyway be expected to be analytic at H = 0. In order to interpret F as a function while it is only defined as an asymptotic expansion, we have to implicitly adopt some philosophy about its nature as a series: what the argument above demonstrates is merely that it cannot be an analytic function with a finite radius of convergence around H = 0. We think it is natural to assume that the function should incorporate non-perturbative corrections in its series expansions (eg., like a resurgent transeries). This goes beyond the perturbative calculations of [20, 21] , but to truly make sense of F as a function, it seems to us that we need some such assumption.
So what is a more appropriate choice for a series expansion for F that incorporates nonpertubative effects? We will not be able to conclusively answer this question in this paper, but let us expand slightly on the above comments.
It is worth noting that one can write the form (2.12) as
for some even 17 F 0 . This means that one can view the small α expansions as small H expansions. We can make guesses about the form of the non-perturbative corrections, let us consider as an example
as α → 0. Here we have used the fact that only even powers show up in (2.12). The specific form for the non-perturbative effects we have written down is only for illustrating the possibility. It will be interesting to see if some series that incorporates non-perturbative correction(s) can actually solve the ODE so that the leading perturbative part is consistent with the leading SUGRA result (2.12). It will be very interesting if this turns out to be true:
this would mean that non-perturbative α corrections could at least in principle produce de Sitter solutions 18 .
A complementary angle on the problem is that we can try to solve the ODE directly, analytically. Since this is a non-linear ODE, usual Frobenius method does not immediately work: one has to either find clever guesses for successful power series expansions 19 , possibly inspired by non-perturbative expectation like above, or try to connect it with some approach like Painlevé theory. To do the latter, one has to bring the ODE (3.13) to the form
where G is rational in y and dy/dx and analytic in x. It is not immediately clear how this can be done, even though we cannot rule it out a-priori. One further complication that non-linear ODEs bring to the table is that they can have "movable" singular points, which do not merely depend on the structure of the ODE, but also on the integration constant. Painlevé theory applies when this does not happen, so it remains to be seen whether this is a viable approach.
It is not clear to us whether some physically motivated (worldsheet instantons?) "ansatz" could work as a candidate power series. It will certainly be interesting if some progress along these lines can be made.
Constant Dilaton Cosmology
Before we conclude, let us also note the case of constant dilaton, which is the situation that one typically thinks of as the scenario with the greatest physical relevance. Instead of demanding the scale factor is that of de Sitter, we will now demand that the dilaton is a constant, and see whether there can be any interesting solutions for the scale factor.
We will write the equations of motion in the Einstein frame in the form f e
18 Note that this is somewhat different from the sense in which the word "non-perturbative" was used in [20, 21] ; in particular, in the context of their example sinusoid function. There, summing a Taylor expansion around the origin to write down the closed form of the function was also called non-perturbative. Here instead, we are working with asymptotic expansions. 19 To see an example problem where such a guess was successfully made (in a completely different context), see [28] .
We have written down the equations in terms of the Einstein frame scale factor and the physical dilaton. It is easy to see that setting the dilaton to a constant leads to a functional equations that determines g(x) = −d 2 x 2 . Note that this is in tension with the supergravity expectation (2.15). But if we ignore this and take (2.16) to be the definition of f , we can solve the system completely, and we find that the scale factor goes as a power law
The situation is essentially identical in string frame, because the two scale factors are related by a dilaton factor, which is constant in this ansatz. Note also that we could have worked very easily with the a E and a variables as before, instead of working with the dilaton explicitly: holding the dilaton fixed is the same as holding the ratio of a and a E fixed.
Concluding Comments
There are two features that make the results of [20, 21] extremely interesting in our view:
• Firstly, their results provide all-order results in α in a quite general setting. In particular, the result does not rely on supersymmetry or any of the usual assumptions that restrict dynamics. If anything, since the result relies only on the field content and the assumption of O(d, d)-duality, it is more general even than string theory.
• Most strikingly, their result applies to time-dependent cosmological settings, which is the one context where string theory has had enormous difficulties (possibly due to technical issues due to lack of control, but perhaps also due to lack of conceptual clarity). An all order result in a cosmological setting, must clearly be of some use.
But to take full advantage of these results, let us also put them in context, and state some challenges:
• The results of [20, 21] are tree level in g s .
• As emphasized in the introduction, the constructions of de Sitter vacua in string theory [1, 2] require quantum corrections. It is unclear at the moment whether one can have tree level de Sitter vacua, even if one allows some non-perturbative singular sources. There have been many constructions of such tree level dS solutions in string theory, but they are all tachyonic. In fact this was one of the original motivations of [13, 16] for refining the initial dS swampland conjecture of [12] . Therefore, an essential question in the construction of dS solutions in the present setting, is whether they are in fact stable. This has not been addressed at all, neither in [20, 21] , nor in our work here. Because of the presence of the unknown function F (H), demonstrating (in)stability is likely to take some new ideas.
• It is worth emphasis that the dilaton is time-dependent in any candidate de Sitter solution, both in the string frame of [20, 21] as well as the Einstein frame here.
• To construct all order corrections, one uses only duality invariance together with the massless field content, so it is in principle possible to do similar exercises for more general string theories with more fields. It will be very interesting to see if one can have dS solutions with NSNS/RR fluxes in some appropriate setting.
• More practically and less formally, is it possible to find solutions of the system that correspond to bouncing cosmologies or pre-Big Bang scenarios? The strategy that we have used in this paper, which is to start with the guess for the scale factor and then trying to see whether a consistent solution can be found, might be of some traction in this context as well. Interesting classes of string-inspired higher derivative theories (whose ultimate fate is yet to be settled) with bouncing solutions, have appeared previously [29] . The higher derivative corrections there are chosen so that gravity becomes asymptotically free at short distances without introducing ghosts. It will be interesting to see if there is a connection between these two approaches, both seem to involve choosing a suitable function.
